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Abstract 
Application of mole fractions and volume ones for creation of mathematical model for extraction processes with 
TBP was discussed. Method for calculating activity coefficients was provided. Water distribution was taken into 
account due to the significant importance of free water. Calculation of activity coefficients in three major 
systems, namely: H2O-TBP, H2O-HNO3-TBP-diluent, H2O-UO2(NO3) 2-TBP was performed. Information on 
experimental data and optimization criterion was provided. It shown that new method can provide adequate 
description of the system H2O-HNO3-UO2(NO3) 2-TBP-diluent and its subsystems. Three major potential 
challenges have been identified. 
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1. Introduction 
The study of H2O-HNO3-UO2(NO3)2-TBP-diluent system started in the beginning of 50s. There were a lot of 
experimental data using the scale of molar concentrations but their application is restricted as the calculation of 
concentrations of all the components of organic phase is impossible. Although the data of three most important 
sub-systems H2O-TBP. H2O-HNO3-TBP and H2O-UO2(NO3)2-TBP were published early [1-3] and these data 
included the results of density measurements and allowed to calculate the mole fractions of all the components in 
the organic phase. Our work in this field started in the end of 90-s and the modelling of 5 sub-systems has been 
recently made [4-6]. The improved models of H2O-HNO3-TBP system, H2O-HNO3-TBP-n-dodecane system and 
H2O-UO2(NO3)2-TBP system have been presented [7]. Additionally the paper H2O-HNO3-UO2(NO3)2-TBP-
dodecane should be mentioned too [8]. The mole fractions in those papers are used always as the concentration 
scale. There are four major problems that are necessary to comment in this paper: 1) application of mole fractions 
and volume ones, 2) calculation of concentrations of free (unbounded with solvates) water, 3) activity coefficient 
calculation and 4) estimation of errors of various coefficients.  
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2. Application of mole fractions and volume ones 
In Table 1 molar concentrations of water in TBP cw are given as a function of water activity aw [1]. It is seen 
that the water concentration rises from 0.2 to 3.58 mol/L whereas TBP concentration ct changes only slightly. 
This difference is caused by distinction between molar volumes of TBP and water.  
Table 1  Molar concentrations of TBP and water and their activity coefficients in H2O-TBP system [1]. 
ʋ aw ct . mol/L cw. mol/L ft fw yt yw Ȗw 
1 0.110 3.638 0.200 0.999 1.012 0.951 0.932 0.929 
2 0.224 3.623 0.439 1.000 0.992 0.899 0.865 0.857 
3 0.330 3.607 0.682 0.999 0.993 0.850 0.820 0.808 
4 0.427 3.592 0.967 1.008 0.959 0.806 0.748 0.731 
5 0.500 3.579 1.150 1.005 0.976 0.774 0.737 0.714 
6 0.529 3.573 1.199 0.996 1.008 0.762 0.748 0.731 
7 0.618 3.555 1.484 0.997 1.002 0.722 0.706 0.684 
8 0.800 3.508 2.173 0.998 1.002 0.642 0.624 0.599 
9 0.842 3.494 2.436 0.997 1.002 0.623 0.586 0.580 
10 0.902 3.473 2.778 1.020 0.970 0.595 0.550 0.521 
11 0.980 3.436 3.424 1.050 0.938 0.558 0.485 0.454 
12 1.000 3.422 3.580 1.062 0.936 0.550 0.473 0.440 
 
 Rozen [9] offered to use volume fractions ĳ instead molar fractions x in some thermodynamic equations. 
Values of ĳ can be calculated as 
        ĳi = Vi·xi/ Vj·xj                   (1) 
where Vi is a molar volume of component “i”. 
Gibbs-Duhem equation is used to calculate dependence of component “i” activity on concentration of other 
components 
        xidlnai + xjdlnaj = 0                   (2) 
The following equation is true in all the cases 
        xidlnxi + xjdlnxj = 0ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ(3) 
The other form of Gibbs-Duhem equation can be got after deduction of equation (3) from (2): 
        xidlnfi + xjdlnfj = 0                                (4) 
It is impossible to change the rational activity coefficients fi for the molar ones yi or the molal ones Ȗi. It 
should be noted that a cross differentiation relation has been used to calculate the effect of water concentration on 
the activity coefficients of other components. 
        (lnai/mj)mi.mk = (lnaj/mi)mj.mkȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ(5) 
where the first derivative is calculated when mi = constant and mk = constant. A similar equation can be obtained 
when activities ai and aj are replaced by rational activity coefficients fi and fj respectively. 
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3. The method of the calculation of activity coefficients 
The expansion of lnfi on xj degrees could not be used to calculate activity coefficients because the number of 
parameters increased rapidly when component number rises. For example Margulis-Wohl equations for two-
component systems include 3 parameters [10]: 
lnf1 = x22[A12 + 2x1(A21 – A12 – D12) + 3D12x12]                (6) 
The number of parameters increases to 12 for three-component systems and to 36 for four-component 
systems. Obviously it is impossible to determine these parameters with suitable accuracy. Therefore Margulis-
Wohl equations and similar ones have not been used to systems where the number of components exceeds 3. 
Hence it is necessary to pick out the most important interaction that should been taken into account. 
It is necessary to take into account three groups of interaction: H2O-TBP; H2O-HNO3 and TBP – 
UO2(NO3)2·2TBP. The interaction of components 1 and 2 can be taken into account through 
lnf1 = b1 ĳ2n     or  f1 = exp(b1ĳ2n)                (7) 
where ĳ2 is a volume fraction of second component. 2.0<n2.2 .The equation (7) with n = 2.0was proposed by 
Rozen [9] in 1970.When theactivity of component 1 decreases due to interaction with component 2 the activity 
of component 2 decreases too. 
4. Water distribution 
In order to calculate mole fractions it is necessary to know the concentrations of free  (unbounded with 
solvates) water in organic phase. The water solubility in TBP follows Henry’s law at aw<0.75 [1].ȱIn order to take 
into account the deviations from Henry’s law the following equation was proposed [4]: 
xw= K ʘଉaw + k2 [K ʘଉaw]2                                              (8) 
There are values of the constants and of average square relative deviations of calculated xw from experimental 
ones in Table 2. 
 
Table 2  Values of constants in the equation (8) and the average square relative deviation 
k2 0.0001 0.01 0.04 0.05 0.07 0.09 0.10 0.16 0.20 0.27 
į % 3.0 2.7 3.0 2.8 2.5 2.3 2.3 3.0 2.6 3.0 
K 0.493 0.483 0.473 0.473 0.473 0.473 0.473 0.473 0.459 0.455 
 
The water solubility xw in tertiary system can be calculated as [4] 
xw = Kt ʘଉ ĳt ʘଉaw ʘଉexp(b1 ʘଉ ĳ tn) + k2 [Kt ʘଉ ĳ t ʘଉaw ʘଉexp(b1 ʘଉĳ tn)]2 + Kd ʘଉ ĳ d ʘଉaw (9) 
where K = Kt ʘଉexp(b1 ʘଉĳtn), the indexes “t” and “d” are related to TBP and the diluents respectively. An 
interaction between water and TBP is taken into account in equation (9) in accordance with equation (2) and the 
linear additivity of the water solubility is presumed.  
5. Application of the mass action law 
Kex = ads/(aUN·at2)                 (10)  
 
where ads. aUN  and at are activities of di-solvate, uranyl nitrate and TBP respectively. Then 
 
xds = Kex· aUNāxt2Âf t2/fds                 (11)   
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where the index “ds” is related to di-solvate. The interaction between molecules of di-solvate and TBP were 
taken into account through equation (2) when values of ft and fds were calculated. A water activity aw effects on ft 
but do not effects on fds.  
The formation of solvates from i acid molecules and j TBP molecules is calculated as 
xij = K11 ʘଉaa   ʘଉ atj/f11                 (12) 
 where aa is an activity of the acid. fij is an activity coefficient of the solvate and can be calculated as 
     fij = exp[hij(aij- 1)]                (13) 
where hij is a hydration ratio of the solvate. 
 
6. Calculation of activity coefficients 
6.1.     H2O-TBP system 
TBP activity can be calculated after introducing (8) in Gibbs-Duhem equation and integrating. It results in 
ln at = 0.5ln xt – 0.25 ʘଉI/(c ʘଉ k20.5)               (14)  
where  
I = ln[(c+0.5 ʘଉk2-0.5+K ʘଉk20.5 ʘଉaw)/(c-0.5 ʘଉk2-0.5-K ʘଉk20.5 ʘଉaw)] – ln[(c+0.5 ʘଉk2 -0.5)/(c-0.5 ʘଉ k2 -0.5)] c2 = 1 + 0.25  ʘଉ k2-1. 
Equation (14) is too complicated but taking into account that calculated values of ft are slightly more than 1 
following empiric equation has been used instead of (14):  
     ft = 1 + 0.0489·aw5.5
       
           (15) 
6.2. H2O-TBP-diluent system 
The following equation is deducted from (9) by means of cross-differentiation relation [11]: 
lnft = lnft0-mw ʘଉ{(Vd ʘଉVt ʘଉ1000/Md)/[mt ʘଉVt+(Vd ʘଉ1000/Md)]2} ʘଉ{[K1 ʘଉexp(b1 ʘଉĳtn) + 
K1 ʘଉĳt ʘଉexp(b1 ʘଉĳtn) ʘଉn ʘଉb1 ʘଉĳtn-1-K2]/ [K1 ʘଉĳt ʘଉexp(b1 ʘଉĳtn) + K2 ʘଉĳd]}             (16) 
Equation (16) has been used while calculating H2O-HNO3
 
-TBP-diluent system [11]. 
6.3. H2O –UO2( NO3)2-TBP system 
TBP activity can be calculated from Gibbs-Duhem equation as 
dlnat = - [xw/(xt + 2xds)]dlnaw - [xUN/(xt + 2xUN)]dlnaUN               (17)
 
 
Integration results in two integrals I1 + I2.
 
It has been shown that the value of I1 is very small and practically equal 
to 0.  Meaning that TBP activity in this system does not depend on water activity. A value of I2 can be calculated 
through experimental data. Then Gibbs-Duhem equation was transformed into the form 
     xtdlnft + xUNdlnfUN = 0                 (18) 
The following equation was found after introducing (2) into (18) 
     dlnft = -(xt/ xUN)· nb1· ĳUN n-1·dĳUN= - (ĳt·VUN /Vt ĳUN)· nb1·ĳUN n-1·dĳUN        (19) 
The substitution of experimental data in (19) results to 
lnfUN = 0.9433b1 · (VUN /Vt )·ĳUNn – 0.9406b1 ·(VUN /Vt)·[n/(n-1)]·ĳUNn-1 = -0.9406b1 · 
(VUN /Vt)·ĳUNn-1·[n/(n-1) –1.0028ĳUN]              (20) 
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The equation (20) has been used to calculate the extraction constant from first 17 data from paper [3].The 
next values were found: Kex=300 and b1 = 0.249. All 27 data have been used in the calculation given in Table 3. 
The water distribution is calculated as 
xw = k1·aw – k2·xUN – k3·aw·xUN0.6 – k4·aw5              (21) 
The next values of the constants have been found: Kex=311, b1 = 0.341, k1 = 0.803, k2 = 0.2506, k3 =0.2099, 
k4 = 0.0811.  Values of activity coefficients ft decrease while values of fUN increase due to rise of xUN.  
 
Table 3. H2O-UO2(NO3)2-TBP 
ʋ
ex.
cUa [3]. 
mol/L 
cUo [3].. 
mol/L  
cw[3] . 
mol/L 
mU. 
mol/kg 
x1 
eq. (21) 
x3 
 
f2 f3 cUɨ. 
mol/L 
cw. 
mol/L 
1 0.0394 0.0375 3.358 0.0396 0.4793 0.00472 1.049 1.015 0.0327 3.538 
2 0.0403 0.0316 3.366 0.0405 0.4792 0.00500 1.049 1.016 0.0345 3.530 
3 0.0497 0.0529 3.155 0.0500 0.4779 0.00844 1.048 1.029 0.0574 3.442 
4 0.0534 0.076 3.295 0.0537 0.4772 0.01007 1.048 1.036 0.0680 3.404 
5 0.0544 0.0672 3.196 0.0548 0.4770 0.01055 1.048 1.038 0.0710 3.394 
6 0.0692 0.122 3.431 0.0697 0.4738 0.01892 1.047 1.073 0.1231 3.223 
7 0.0754 0.163 3.120 0.0760 0.4722 0.0232 1.046 1.091 0.1483 3.146 
8 0.079 0.149 2.933 0.0796 0.4712 0.0258 1.046 1.102 0.1636 3.101 
9 0.0931 0.260 3.14 0.0939 0.4667 0.0374 1.043 1.150 0.2276 2.919 
10 0.122 0.358 2.504 0.1235 0.4557 0.0665 1.032 1.263 0.3685 2.548 
11 0.129 0.418 2.504 0.1306 0.4527 0.0742 1.029 1.291 0.4022 2.464 
12 0.130 0.440 2.785 0.1315 0.4523 0.0753 1.028 1.294 0.4067 2.453 
13 0.153 0.530 2.436 0.1548 0.4420 0.1023 1.015 1.383 0.5135 2.195 
14 0.156 0.536 2.402 0.1581 0.4405 0.1063 1.013 1.396 0.5283 2.160 
15 0.184 0.660 1.933 0.1869 0.4267 0.1424 0.995 1.494 0.6479 1.886 
16 0.234 0.834 1.646 0.2386 0.4006 0.2101 0.959 1.635 0.8285 1.495 
17 0.244 0.862 1.416 0.2488 0.3954 0.2236 0.952 1.657 0.8593 1.431 
18 0.335 1.054 1.003 0.3439 0.3477 0.3464 0.896 1.800 1.0827 0.986 
19 0.409 1.150 0.738 0.4232 0.3113 0.4381 0.860 1.861 1.2042 0.757 
20 0.592 1.323 0.457 0.6209 0.2353 0.6115 0.805 1.919 1.3713 0.455 
21 0.634 1.349 0.461 0.6649 0.2212 0.6404 0.797 1.924 1.3936 0.416 
22 0.796 1.419 0.278 0.8441 0.1736 0.7310 0.774 1.935 1.4558 0.308 
23 0.812 1.427 0.310 0.8660 0.1684 0.7397 0.772 1.936 1.4612 0.298 
24 1.020 1.474 0.212 1.111 0.1228 0.8128 0.754 1.940 1.5033 0.224 
25 1.042 1.490 0.208 1.132 0.1177 0.8173 0.753 1.941 1.5057 0.219 
26 1.295 1.530 0.160 1.428 0.0771 0.8663 0.742 1.942 1.5299 0.173 
27 1.727 1.548 0.150 1.979 0.0255 0.9133 0.730 1.943 1.5482 0.123 
 
        
įw=6.1
% 
įw=7.4
% 
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7. Accuracy of experimental data and optimization criterion  
It has been shown through Cochran’s criterions Gp that the sums of squares of relative deviations of parallel 
experiment results in systems H2O-HNO3 -TBP and H2O-UO2(NO3)2 -TBP are homogeneous. Therefore the 
minimum of [(cie –cic)/cie]2 or the average relative deviation įi = {[(cie –cic)/cie]2/(n-1)}0.5  has been chosen as 
optimization criterion. Here cie and cic are experimental and calculated values of molar concentration of 
component «i», n is a number of experiments. 
Molar concentrations ci
 
can be calculated from molar fractions xi as 
      ci = xi
 
·1000d/ xj ·Mj
 
              (22a)  
      ci = xi
 
·1000/ xj·Vj               (22b) 
where d is a density of the solution. Mj and  Vj  are a molecular mass and a molar volume of component “j”.  
Concentrations of several substances. Optimization criterion has a form 
      ǻ = {[(įi2
 
/si2 )]/k}0.5               (23) 
where si  is an average relative error of experimental data. 
8. Application of constants 
The physical properties of TBP solutions in hydrocarbon diluents are strongly different from those of the 
organic phase based on pure TBP. Therefore values of several constants of solvate formation can be different. 
For example the distribution of ionic pairs was assumed while H2O-HNO3 -TBP system was calculated. However 
obviously that ionic pairs of the acid is not existed in TBP solutions in hydrocarbon diluents. This problem was 
considered while H2O-HNO3-TBP-n-dodecane system has been calculated. It has been shown that the value of 
formation constant of mono-solvate does not change during TBP dilution with n-dodecane.  
9. Conclusion 
The main results are given in Table 4. 
Table 4. Main results. 
System n Component si įi 
H2O-HNO3-TBP 31 H2O 0.030 0.022 
HNO3 0.012 0.023 
TBP - 0.0036 
H2O-UO2(NO3)2 -
TBP 
27 H2O  0.066 0.074 
UO2(NO3)2 0.070 0.061 
H2O-HNO3-TBP-n-
dodecane 
94 HNO3 0.025 0.041 
TBP - 0.072 
 
The results given in Table 4 prove that the developed method allows to get an adequate description of the 
system H2O-HNO3 -UO2(NO3)2 -TBP-diluent and its sub-systems. However it should be noted that there are 
possible difficulties. The first problem is calculation of activities of uranyl nitrate and nitric acid in their mixed 
solution has not been yet solved. It is necessary to find an equation which allows to calculate mole fractions of 
water while uranyl nitrate is extracted with TBP solutions in hydrocarbon diluent. The second problem is related 
to application of constants. Obviously the description of the system H2O-HNO3 -UO2(NO3)2 -TBP-diluent 
demands application of big number of constants. However a number of constants can be reduced by using known 
constants found earlier for other systems . 
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